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Abstract
In this paper, we treat the problem to -nd an e.cient algorithm to decide constructibility.
Such an algorithm was given only under the condition that the given simplicial complex is
a triangulated 3-ball with all the vertices on the boundary [8]. Here we extend this result to
the case that the triangulated 3-ball has at most two interior vertices. Our algorithm runs in
O(#facets) time. Also, we give an example which shows that the same strategy cannot be used
for the cases with more than two interior vertices. c© 2001 Elsevier Science B.V. All rights
reserved.
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1. Introduction
In the study of combinatorics of simplicial complexes, shellability has played an
important role and has been studied intensively by many researchers. The concept of
shellability was -rst studied in the -eld of combinatorial topology in relation with
the Poincar;e Conjecture, but recently many researchers of combinatorics have been
interested in this concept after the famous Upper Bound Theorem for convex polytopes
was proved by using this concept [3,10].
An important property of shellability is that shellable pseudomanifolds are always
PL-spheres or PL-balls. Moreover, it is known that shellability of pseudomanifolds
is equivalent to sphericity and ballness if the dimension is 2, but for the case of
dimensions d¿3, many examples of non-shellable triangulations of balls and spheres
were discovered. These examples are reviewed in [16]. This fact that not all triangulated
balls and spheres are shellable leads us to a challenging problem: How can we decide
if a given pseudomanifold (or simplicial complex in general) is shellable or not? This
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seems to be a very di.cult problem and our current knowledge on shellability is too
far from the goal. The only result is the paper of Danaraj and Klee [6], which shows
a linear time algorithm of deciding shellability of 2-pseudomanifolds.
On the other hand, there is a less famous but seemingly important concept called
constructibility which is a relaxation of shellability. As for shellability, it is known that
all constructible pseudomanifolds are PL-spheres or PL-balls. For the converse, as it is
known that non-PL spheres exists in dimensions 5 and higher, [4] to be homeomorphic
to spheres or balls is not enough to be constructible. Even in PL cases, non-constructible
triangulations were shown in [8] for PL-balls and in [7,9] for PL-spheres in all dimen-
sions starting from 3. This situation leads us to the same problem for shellability: How
can we decide if a given pseudomanifold is constructible or not? This is what we want
to consider in this study.
Relating to these problems, it is known that the problem of deciding whether a given
triangulated manifold is homeomorphic to a sphere or not is undecidable (recursively
unsolvable) in dimension 5, see [13]. Only decidable case is that of dimension 3 to
which an algorithm was shown by Rubinstein [11], though currently known algorithms
are far from e.cient and the complexity of this problem is not known. On the other
hand, it is clear that algorithms exist in our problem of deciding shellability or con-
structibility, because given simplicial complexes are always -nite and shellability and
constructibility are de-ned recursively by purely combinatorial ways. But no e.cient
algorithm for general simplicial complexes than checking all possibility is currently
known. Since shellability and constructibility are such properties that assure sphericity,
e.cient algorithms for these decision problems (for general simplicial complexes) are
needed.
Contrary to such a scope to contribute to the decision of the topology, our study
of this paper treats the problem under the condition that we know the topology a
priori. One aim of this study is to reveal the diKerence between constructible and
non-constructible triangulations of balls. Moreover, we expect other possible applica-
tions because constructibility implies many good properties, for example that no cycles
made of three edges contained in a constructible 3-pseudomanifold are not knotted
[9]. For the case of dimension 3, because constructible pseudomanifolds are balls and
spheres, and because it is shown that the constructibility of 3-spheres are reduced to
the case of 3-balls [9, Theorem 4], our interest is in the case of 3-balls. For this prob-
lem, previously the author [8] treats the case when the 3-ball has no interior vertices.
In this paper, we extend the result to the case that the 3-ball has at most 2 interior
vertices.
The key concept of this paper is reducedness of 3-balls. We de-ne a 3-ball to be
reduced if each 2-face contained in the interior has at most one edge on the boundary of
the ball, and our main theorem is the following characterization of the constructibility
of reduced 3-balls with at most two interior vertices.
Theorem 12: If a reduced 3-ball has at most two interior vertices, then it is con-
structible if and only if it has no spanning edges.
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Together with this theorem and Proposition 3 which shows that the constructibility
of a given 3-ball can be decided from that of reduced 3-balls, we give a very simple
algorithm which decides the constructibility of 3-balls with at most two interior vertices.
The algorithm given in Section 5 runs in O(#facets) time.
We also show in Section 4 that the same method does not work for the cases with
more than 2 interior vertices.
2. Constructibility
For basic terminologies of simplicial complexes, we refer [1].
Constructibility, appears in [1,5,12] is a concept de-ned for pure simplicial com-
plexes and known to be strictly weaker than shellability [1, Section 11:2]. For shella-
bility, see for example [1,2,5,15]. Constructibility is de-ned recursively as follows.
Denition 1. A pure d-dimensional simplicial complex C is said to be constructible
if (i) C is a simplex, or (ii) there exist d-dimensional constructible subcomplexes C1
and C2 such that C = C1 ∪ C2 and that C1 ∩ C2 is a (d− 1)-dimensional constructible
complex.
What we should note is that constructible pseudomanifolds are PL-balls or PL-spheres
[1, Theorem 11:4; 14, Chapter 3] as same as the case of shellability. From this, we
can see that if C is a constructible ball, then C1 and C2 in the above de-nition must
be PL-d-balls, and C1 ∩ C2 is a PL-(d − 1)-ball. This is the key observation in the
following discussion.
3. Constructibility of reduced 3-balls
3.1. Reduced 3-balls
The following de-nition of reduced balls plays an important roll in this paper.
Denition 2. A 3-ball C is reduced if every 2-face in the interior
◦
C has at most one
edge on the boundary @C.
Let us consider the following two operations applied for a given 3-ball:
(I) If T is a 2-face contained in
◦
C and its all edges are in @C, then divide the ball
C into two balls C1 and C2 by T .
(II) If T is a 2-face contained in
◦
C and its two edges are in @C, then split T as
Fig. 1. (Let us call the resulting ball C′.)
For these operations, we have the following proposition.
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Fig. 1. Splitting a triangle T .
Proposition 3. For the two operations above;
(I) C is constructible if and only if both C1 and C2 are constructible.
(II) C is constructible if and only if C′ is constructible.
The proof can be found in [8].
If we apply these two operations for a given 3-ball, we -nally get a set of reduced
3-balls, that is, ‘reduced’ means that we cannot apply both of the operations above.
Because the operations preserve the constructibility, we can decide the constructibility
of C from the constructibility of the reduced 3-balls. Thus characterizations of the
constructibility of reduced 3-balls is useful for the decision of constructibility of 3-balls.
In discussing the constructibility of 3-balls, the following lemma for 2-balls is useful.
Here, a spanning edge is an edge contained in the interior of a ball except for its two
endpoints lying on the boundary.
Lemma 4. Let a 2-ball B have a spanning edge e; thus B is divided into two balls B1
and B2 by e. If B1 (or B2) has no interior vertex; then there is a 2-face in B1 (B2)
which has two edges on the boundary @B of B.
Proof: Use induction on the number of 2-faces of B1. If B1 has only one 2-face, then
it must be a 2-face with two edges in @B.
If B1 is not a simplex, there is at least one edge e′ in the interior of B1 and it must
be a spanning edge because B1 has no interior vertex. This spanning edge e′ divide B
into two balls. Let B′1 be one which does not contain e. By induction hypothesis, B
′
1,
thus B1, contains a 2-face with two edges in @B.
The following proposition is originally shown in [8]. It treats the case of 3-balls
with no interior vertices.
Proposition 5. If a reduced 3-ball has no interior vertices; then it is constructible if
and only if it is a simplex. Or equivalently; it is constructible if and only if it has
no spanning edges.
Proof: Let C be a reduced 3-ball with no interior vertices which is constructible.
Assume that C is not a simplex. Then from De-nition 1, there are two subcomplexes
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Fig. 2. Proof of Proposition 6.
C1 and C2 satisfying the condition. In particular, C1 ∩ C2 is a 2-ball without interior
vertices. Here, C1 ∩ C2 should be made of the 2-faces contained in the interior of C,
thus at most one of the edges of each 2-face is on the boundary. But this is impossible
from Lemma 4.
3.2. Reduced 3-balls with one interior vertex
For the case with one interior vertex, we show a necessary and su.cient condition
for the constructibility of reduced 3-balls with one interior vertex as follows.
Proposition 6. If a reduced 3-ball C has only one vertex v in the interior; then it is
constructible if and only if it has no spanning edge.
(This is equivalent to say that C is constructible if and only if C is a star with a
center v.)
Proof: The ‘if’ part is trivial because a reduced 3-ball with only one interior vertex v
without spanning edge must be a star with a center v, and a three-dimensional star is
constructible because 2-spheres are shellable. So we have only to show the ‘only if ’
part.
Let C be constructible. Because it is not a simplex, there are two subcomplexes
C1 and C2 satisfying the condition of De-nition 1. Here, C1 and C2 are constructible
3-balls and C1 ∩C2 = B is a 2-ball. Because B is made of 2-faces in the interior
◦
C of
C and can have at most one interior vertex, from Lemma 4 together with the condition
of reducedness of C, it has no spanning edge. Thus B must be a two-dimensional star
with a center v.
Now remark that both of the 3-balls Ci (i = 1; 2) are constructible and @Ci − @C is
a star of v.
Because Ci is constructible, if it is not a simplex, it will be divided again into two
3-balls Ci1 and Ci2 such that Ci1∩Ci2=B′ is a 2-ball made of 2-faces in
◦
C. Considering
the possibility of B′ with Lemma 4 and the reducedness of C, we can show that every
spanning edge of B′ must contain v, that is, all the interior edges of B′ are incident
with v (Fig. 2).
Here again the 3-balls Cik (k = 1; 2) are constructible and @Cik − @C is a star of v.
Thus if Cik is not a simplex, we can do the same argument as above for Cik . Continuing
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Fig. 3. L(D;C).
Fig. 4. Two L(@D − @C; @D) have the same shape.
this argument, we -nally have all the balls divided into simplices and then conclude
that all the interior edges of the cutting faces, equivalently all the interior edges of C,
must incident with v, which shows that C has no spanning edges.
3.3. Reduced 3-balls with two interior vertices
In this subsection we go one more step ahead to the case that the reduced 3-balls
have two interior vertices. Again the constructibility is characterized by the condition
on having no spanning edges.
In the following, for a pair of simplicial complexes C ⊃D, we denote by L(D;C) the
set |{ ∈ D(2) : || ∩ |(C − D)|= ∅}|, where D(2) is the second barycentric subdivision
of D (Fig. 3). We remark that L(D;C) is just a point set but we can associate the
cell complex structure from C, that is, a cell complex { ∩ L(D;C):  ∈ C} ∪ { ∩
@L(D;C):  ∈ C}. In the following, we treat L(D;C) as a cell complex in this sense
and use the terms as same as simplicial complexes. It is easy to see that this cell
complex structure has almost the same property as simplicial complexes, for example,
Lemma 4 holds for L(D;C) when |L(D;C)| is a 2-ball.
In the following, we see the shapes of L(@D − @C; @D) instead of those of @D−@C.
We use this trick in order to avoid the singular cases. For this, see Fig. 4. In this
-gure, the right -gure is a singular case of the left, but the shape of L(@D − @C; @D)
is the same, i.e., both are 1-balls.
We use four lemmas to show Proposition 11.
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Fig. 5. The case of Lemma 7.
Lemma 7. Let D be a 3-ball that is a subcomplex of a reduced 3-ball C; and assume
that C has two interior vertices u and v. If D satis:es
• D has no vertices in its interior;
• L(@D − @C; @D) is a 2-ball and contains two vertices u and v in its interior;
• D contains a spanning edge of C; and
• u and v are not joined by an edge in D;
then D is not constructible.
Proof: Assume that there are constructible 3-balls which satisfy all the conditions of
the statement. Let D∗ be the smallest one among these. It is easy to see that D∗ is not
a simplex.
Remark that L(@D∗ − @C; @D∗) has spanning edges because u and v are not joined by
an edge in D. Because C is reduced, the 2-faces of L(@D∗ − @C; @D∗) have at most one
edge on the boundary. Thus from Lemma 4, the spanning edges of L(@D∗ − @C; @D∗)
have the interior vertices on each side.
Now because D∗ is a constructible 3-ball, there are two constructible 3-balls D1
and D2 satisfying the condition of De-nition 1. From Lemma 4, the possibility of the
2-ball D1∩D2 is restricted. It is easy to observe that there are only four cases shown in
Fig. 5. In the -gure, D2 of all four cases satis-es the -rst two and the last condition
in the statement. In (a), D1 cannot contain spanning edges of C, so D2 contains
spanning edges. In (b) and (d), D1 ∩ D2 contains spanning edges of C, thus D2 con-
tains spanning edges of C. In (c), D1 ∩ D2 contains spanning edges of C because
u and v are not joined by an edge in D, so D2 has spanning edges. Thus in all
cases, D2 satis-es all the conditions of the statement, contradicting the minimality
of D∗.
Remark: For the last condition of the non-existence of the edge uv in D, we note that
if uv is in
◦
D, the proof fails because D2 in (c) can have no spanning edges of C (if
uv is in D1 ∩ D2). But if uv is in @D, we have the next lemma.
Lemma 8. Let D be a 3-ball that is a subcomplex of a reduced 3-ball C; and assume
that C has two interior vertices u and v. If D satis:es
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Fig. 6. The case of Lemma 8.
• D has no vertices in its interior;
• L(@D − @C; @D) is a 2-ball and contains two vertices u and v in its interior,
• D contains a spanning edge of C; and
• the edge uv is in @D − @C,
then D is not constructible.
Proof: Assume that there are constructible 3-balls which satisfy all the conditions of
the statement. Let D∗ be the smallest one among these. It is easy to see that D∗ is not
a simplex.
In this case, L(@D∗ − @C; @D∗) does not have spanning edges.
Because D∗ is a constructible 3-ball, there are two constructible 3-balls D1 and D2
satisfying the condition of De-nition 1. There are only three cases shown in Fig. 6.
Here D2 in (a), and one of D1 and D2 in (c) satis-es the conditions of the statement,
contradicting the minimality of D∗. And in (b), D2 satis-es the conditions of Lemma 7.
In fact, the -rst two conditions and the last one are obvious. And the fact u and v
are not joined by an edge in D1 ∩ D2 concludes that there is a spanning edge of
C in D1 ∩ D2, which shows the third condition also holds. This contradicts to the
constructibility of D2.
Lemma 9. Let D be a 3-ball that is a subcomplex of a reduced 3-ball C; and assume
that C has two interior vertices u and v. If D satis:es
• D has no vertices in its interior;
• L(@D − @C; @D) is a disjoint union of two 2-balls each of which contains one of u
and v in its interior; and
• D has a spanning edge of C;
then D is not constructible.
Proof: Assume that there are constructible 3-balls which satisfy all the conditions in
the statement. Let D∗ be the smallest one among these. It is easy to see that D∗ is not
a simplex.
From Lemma 4, the 2-balls which are the components of L(@D − @C; @D) can have
no spanning edge, thus stars of u and v, respectively.
Now D∗ is a constructible 3-ball, it is divided into two constructible 3-balls D1 and
D2 as De-nition 1. There are two cases shown in Fig. 7. In the case (a), D2 satis-es
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Fig. 7. The case of Lemma 9.
Fig. 8. The case of Lemma 10.
all the conditions of the statement, contradicting the minimality of D∗. For the case
(b), if D1 ∩D2 does not contain the edge uv (or the edge uv does not exist in D from
the -rst), D1 ∩ D2 contains spanning edges of C and at least one of D1 and D2 does
not contain the edge uv, so one of D1 and D2 satis-es the conditions of Lemma 7,
contradicting the constructibility of D1 and D2. And if D1 ∩ D2 contains the edge uv,
then at least one of D1 and D2 contains spanning edges of C, thus Lemma 8 concludes
that at least one of D1 and D2 is not constructible, again a contradiction.
Lemma 10. Let D be a 3-ball that is a subcomplex of a reduced 3-ball C; and assume
that C has two interior vertices u and v. If D satis:es
• D has u on its boundary and v in its interior;
• L(@D − @C; @D) is a 2-ball which contains v in its interior; and
• D has a spanning edge;
then D is not constructible.
Proof: Assume that there are constructible 3-balls which satisfy all the conditions in
the statement. Let D∗ be the smallest one among these. It is easy to see that D∗ is not
a simplex.
By the same observation as in the proof of the previous lemma, L(@D − @C; @D) is
a star of v. Because D∗ is a constructible 3-ball, it is divided into two constructible
3-balls D1 and D2 as De-nition 1. There are three cases shown in Fig. 8. In the case
(a), D2 satis-es the conditions of the statement, contradicting the minimality of D∗. In
the case (b), D1 satis-es the conditions of Lemma 9, contradicting the constructibility
of D1. In the case (c), if the edge uv is not contained in D1 ∩D2 (or it does not exist
in D from the -rst), then D1∩D2 contains spanning edges of C and at least one of D1
and D2 does not contain uv, thus satis-es the conditions of Lemma 7, contradicting its
constructibility. And if the edge uv exists in D1 ∩ D2, then at least one of D1 and D2
contains spanning edges of C, so it satis-es the conditions of Lemma 8, contradicting
the constructibility of D1 and D2.
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Fig. 9. The case of Proposition 11.
Proposition 11. If a reduced 3-ball has exactly two interior vertices; then it is con-
structible if and only if it has no spanning edges.
Proof (If part). Let C be a reduced 3-ball with two interior vertices u and v which
has no spanning edges. Then the facets of C can be only of two types: (i) one edge
and its two end vertices are in @C and the rest are in
◦
C, and (ii) one 2-face and its
proper faces are in @C and the rest are in
◦
C. From this we conclude that every facet
of C belongs to either u or v, thus C = star u ∪ star v = star u ∪ (star v− star u). Here
we also observe that there is an edge between u and v, so v lies in @(star u). Hence
(star v− star u) = v ∗ (2-ball) and it is constructible because 2-balls are constructible.
Also star v= v ∗ (2-sphere) is constructible, and (star v) ∩ (starw − star u) = (2-ball) is
constructible, thus C is constructible.
(Only if part) Let C be constructible and has spanning edges. Then there are two
constructible 3-balls C1 and C2 satisfying the condition of De-nition 1. Here D1 ∩D2
is a 2-ball contained in the interior of C. From the reducedness of C and Lemma 4,
there are only two possible cases for D1 ∩ D2 as shown in Fig. 9. In the case (a) D2
satis-es the conditions of Lemma 10. In case (b), if the edge uv is not contained in
D1 ∩ D2, then D1 ∩ D2 contains spanning edges of C and one of D1 and D2 does not
contain uv, so it satis-es the conditions of Lemma 7. And if the edge uv is contained
in D1 ∩ D2, then at least one of D1 and D2 has spanning edges of C, thus satis-es
the conditions of Lemma 8. Thus in all the cases, at least one of D1 and D2 is not
constructible. A contradiction.
Propositions 5, 6 and 11 shows the following theorem.
Theorem 12. If a reduced 3-ball has at most two interior vertices; then it is con-
structible if and only if it has no spanning edges.
4. Reduced 3-balls with many interior vertices
Theorem 12 will not extend to general reduced 3-balls.
Theorem 13. There are shellable reduced 3-balls with spanning edges. Such examples
can be constructed with only three interior vertices.
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Fig. 10. A shellable reduced 3-ball with a spanning edge.
Proof: The following is the list of facets of an example of such 3-balls with 8 vertices
and 15 facets:
1257 2367 1347 1457 2567 3467
1258 2368 1348 1458 2568 3468
4578 4678 5678
The vertices ‘4’, ‘5’ and ‘6’ are interior vertices, and the edge ‘78’ is the spanning edge.
This example is constructed as shown in Fig. 10. First, we take a triangulated triangle
with vertices 1; 2; : : : ; 6 and form a bipyramid by introducing two new vertices ‘7’ and
‘8’. Then replace the two tetrahedra ‘4567’ and ‘4568’ by three tetrahedra ‘4578’,
‘4678’ and ‘5678’. (This operation is a ‘Rip’.) It is easy to check ‘78’ is a spanning
edge and the ball is reduced, but this example is shellable.
There are also counterexamples for the reverse direction.
Theorem 14. There are non-constructible reduced 3-balls with no spanning edges.
Proof: By Theorem 4 of [9], a 3-sphere C is constructible if and only if C − 
is constructible, for any facet  of C, and Theorem 1 of [9] assures the existence
of non-constructible 3-sphere. If we take C to be non-constructible, then C −  is
non-constructible. And such 3-balls derived from 3-spheres by removing one facet
clearly are reduced and contain no spanning edges.
5. Algorithm
The characterization of constructibility of reduced 3-balls which we have shown in
Theorem 12 provides us an easy algorithm which decide a given triangulated 3-ball
with at most two interior vertices (not always reduced) to be constructible or not.
Algorithm
Input: A triangulated 3-ball C which has at most two interior vertices.
Step 0: List up all the 2-faces of C and mark all the edges on @C.
Step 1: If there is a 2-face whose 2 edges are marked, then mark the third edge.
Repeat this step while there are such 2-faces.
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Step 2: If there is an unmarked edge with no interior vertex, then C is not con-
structible. Otherwise C is constructible.
By a careful treatment, all steps can be calculated within O(f3) = O(f20) time, where
fi means the number of i-dimensional faces of C. (The number of repetition needed
in Step 2 is bounded by f1, which is O(f20).) The validity of this algorithm is shown
by Theorem 12 because Step 1 corresponds to operation (II) and Step 2 checks the
existence of spanning edges in the reduced 3-balls.
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